The objective of this paper is to provide a short introduction about Portfolio Insurance. A general framework is proposed that encompasses the common investment strategies: constant-mix, buy-and-hold and constant proportion portfolio insurance (CPPI). Option based portfolio insurance (OBPI) strategies are also discussed. To get the value of an investment guaranteed is quite appealing. This type of strategy originated in the 70's following Leland's idea and started to develop in the nancial industry in the 80's. Three questions arise: what is portfolio insurance? Why does it exist? What is the cost of this strategy? This paper denes the portfolio insurance strategy, provides examples and introduces some history about this strategy. Then, we ask why do people buy portfolio insurance? The paper provides some answers by studying the possible utility functions corresponding to these strategies. The impact of the path dependency of the strategy is also presented. The cost of portfolio insurance is also studied. Finally, we provide some insights about specic issues.
Introduction
There is no such thing as absolute certainty, but there is assurance sucient for the purposes of human life wrote John Stuart Mill. Introducing certainty in your future wealth is quite an understandable human behavior objective. A direct and simple way to achieve this goal for an economic agent is to invest in a portfolio insurance type strategy. Roughly, a portfolio insurance strategy can be dened as a strategy such that total (or partial) part of your initial investment level is guaranteed in the future at pre-determined dates. This guarantee might be denominated either in real or nominal terms depending on the will of the investor to be hedged against ination. A straightforward consequence of this denition is that a surplus amount appears, dened as the earned interests -real interests or nominal interests -generated by the initial endowment of the agent.
A portfolio insurance investment strategy 1 is characterized for each period by 1 . an amount in the non-risky asset, 2. an amount in the risky asset, 3 . an amount to be withdrawn, 4 . a guaranteed amount.
The rst put options were sold in Chicago on June 1977 and the rst options on indices date back to March 1983 at the Chicago Board Options Exchange (CBOE). These are key dates as synthetic options can be used for options based portfolio insurance. However, the 80's are also the starting point of the industrial development of dynamic strategies i.e. corresponding to the replication of a guaranteed payo by investing in a risky-asset and in a non-risky asset. Leland, O'Brien and Rubinstein formed LOR Associates Incorporated in February 1981 to develop innovative nancial products for institutional investors. O'Brien joined LR Associates which started in 1976. He greatly helped solving the marketing issues faced by Leland and Rubinstein. He put the portfolio insurance concept to a new step by introducing appropriate marketing, especially for pension plan investors. Before 1987 crisis, roughly 100 billions of dollars of portfolio insurance products were under management. Approximately the half were managed by LOR: 5 billions through direct management and 45 billions through external distributors under license with LO. -see Harvard Business Case 9-294-061 [30] . Following the success of LOR Associates, big competitors Morgan Stanley, JP Morgan, Bankers Trust, etc started to enter the portfolio insurance business. After 1987, portfolio insurance products were pointed out by the Brady Commission as being partly responsible for the amplication of the volatility 2 of the market during the crisis. Indeed, with such strategies, the fund manager sells the risky asset if it has a negative performance. And conversely she buys the risky asset if it increases. This type of strategies are also sometimes called trend-chasing. But portfolio insurance strategies were not alone to be blamed: index arbitrage strategies were also pointed out by the Brady Report.
These critics led to an answer by Mark Rubinstein in 1988 with Portfolio Insurance and the Market Crash, [26] . He concludes that the contribution of the portfolio insurance to the market crash is roughly 12% of the dollar change in net sold positions on October 19. Rubinstein also discusses the preconditions of portfolio insurance that were violated during the crisis: (i) low transaction costs, (ii) low bid-ask, (iii) no mismatch between futures prices and the fair values. The author plays the role of an oracle:
Those who proclaim the death of preference-based motivations for dynamic strategies are presupposing an implausible reformation of natural human desires [26] He also predicted the increase in technological sophistication. It happened.
As the activity of LOR declined after the crash, they decided to launch a new class of product: the SuperTrust (see [29] ). Noticing that funds do not allow intraday buy-back and subscriptrions, they believed that an exchangetraded basket of stocks could be very popular. Then, following the idea of Hakansson (1976) [18] , LOR planned to promote structured products collateralized puts on these exchange-traded basket of stocks, more specically on the S&P500. However, they faced a complex regulatory process and the legal costs reached $4 billions in 1991 (mostly legal services). During the same period, Goldman Sachs launched in January 1990 the rst long-dated put options on Nikkei 225. In 1991, CBOE started S&P500 options with maturities up to 3 years and Merril Lynch created Merril Lynch Derivative Products (MLDP), a Special Purpose Vehicle (SPV) for derivatives.
The two-fund theorem whose successive versions are Fellner-Hicks, Markowitz-Tobin, Sharpe-Lintner, Black and Ross is extended by Cox and Huang (1989) [11] with an insurance required by the investor. They assume that the underlying follows a geometric brownian motion. As a standard result, the optimal consumption and investment policies are linear in wealth if the agent utility function belongs to the class of HARA utility functions. Non-negativity constraints make these policies not linear anymore.
In 1993, Grossman and Zhou [16] introduce an example of an american guarantee: at a given time the wealth of the fund cannot be below a proportion (between zero and one) of the running maximum at this time. Under this constraint and constant relative risk aversion (CRRA) utility function, the optimal investment is of constant proportion portfolio insurance (CPPI) type. If the wealth is at an all-time high, then the investment in the risky asset is expected to fall as the guaranteed level is expected to grow at a faster rate than the wealth (the cushion is big). Conversely, if the wealth is close to the oor, then the investment in the risky asset is expected to rise as the guaranteed level is expected to grow at a lower rate than the wealth (the cushion is small). The authors also demonstrate that the stochastic character of the guarantee creates resistance levels as the market approaches an all-time high. In a recent paper, El Karoui, Jeanblanc and Lacoste (2005) [19] extend the two-fund separation theorem to a an american constraint 3 .
Roche (2006) [25] studies the rationale for the use of wealth ratcheting strategies and provides an application with an index for social status. Assuming a deterministic oor, the optimal allocations are increasing in wealth and the agents tend to defer consumption to invest in the risky asset. The upper maximum is an upper absorbing (reecting) barrier if the individual is impatient (patient) with a small (large) intertemporal elasticity of substitution. A noticeable result of Roche is that consumption history plays a role in the allocation decision. There exists a partial non-reversibility of the consumption (pointed out previously by Duesenberry (1949) and Dybvig (1995)) -that can be taken into account by a standard of living index. The author also demonstrates that intoducing a stochastic ratcheting oor on wealth -on running maximum -implies a oor on consumption. A special case of american strategies is the class of time invariant portfolio insurance strategies dened by Brennan and Schwartz (1988) [8] .
All the portfolio insurance strategies can be implemented due to the surplus amount that appears from the earned interests. In section two, we discuss what should the investor do with this surplus? We propose a review of the main portfolio insurance strategies that are available to the investor. However, dierent strategies might be put in place, depending on the investor preferences and anticipations. Then, section three asks why do people buy portfolio insurance? Some answers are provided by studying the possible utility functions corresponding to these strategies. In section four, specic issues are discussed. First, the path-dependency issue is raised. As the available surplus has to be equal to amount invested in the portfolio insurance strategy, the cost of portfolio insurance has to be determined. Finally, the impact of portfolio insurance on the market is discussed.
Portfolio insurance strategies
What should the investor do with the earned interests? Following discussions with his brother 4 in the 70's, Leland started to answer to this question. In this section, the main strategies are developed: (i) buy-and-hold, (ii) contantmix, (iii) CPPI, (iv) stop-loss strategy and (v) OBPI. It can be shown that strategies (i) to (iv) belong to the same family, and the adjustment variables are the leverage and the level of guarantee. Moreover, OBPI can be seen as a CPPI type strategy with a time-varying multiplier.
Let us consider a world with two assets: a non-risky asset and a risky asset with the following dynamics:
the safe asset the risky asset (1) For the sake of simplicity, it is assumed a non-risky asset and a risky asset; however most of the results discussed are still valid with two risky assets. Then the safe asset would corespond to case with the rst risky asset being the numéraire. In practice the concern is to dene a strategy to insure that the investor should get more than G at maturity i.e the value of her portfolio is such that V T ≥ G. The value of the portfolio of the investor at maturity
and her wealth at t is V t = Ke
−r(T −t)
+ C t with C t the cushion at the date t.
A standard approach named OBPI (Option Based Portfolio Insurance) consists in paying a premium at the initial date in order to guarantee the level G. Two solutions are:
1. to invest initially in a call option written on the underlying portfolio C (V t , V 0 ) and the discounted amount e −r(T −t 0 ) V 0 in cash. Then, at maturity the payo is
2. to invest in the underlying portfolio itself and to buy a put with strike the initial value of the underlying portfolio. Then, we get at maturity
The value of the portfolio of the investor at maturity
Since the seminal papers by Black and Scholes (1973) [5] and Merton (1973) , it is known that these option strategies can be replicated by a dynamic allocation between cash and risky asset (see for example Rubinstein and Leland (1981) [27]). As the latter mention:
The concept of an option being equivalent to a carefully adjusted position in the underlying stock and cash is close enough to being true in most situations of paractical interest to make it an invaluable tool for understanding options. [27] Another approach that became popular in 80's is the Constant Proportion Portfolio Insurance (CPPI). We follow the path of the great seminal paper about CPPI by Perold (1986) [23] . Adopting the CPPI as a general framework will allow us to encompass other standard strategies: constant-mix and buy-and-hold Roughly, CPPI corresponds to holding the risky asset in constant proportion to the cushion with a leverage greater than one. The portfolio value V t can be splitted into two parts: the oor F t that corresponds to the present value of the guarantee and the cushion C t that is the surplus of the available wealth: C t = V t − P t . The dynamics of the two underlying assets is as dened above. In practice, one invests a constant proportion e t of the cushion the in the risky asset:
with m the multiplier. The dynamics of the portfolio value is:
Then, what is the dynamics of the cushion? We would like to nd α (t, C t ) and β (t, C t ) such that
One can note that
By substituting the two equations of (1) in (3), we get
or alternatively,
By applying Itô's lemma, we get
Under the assumption that the risky asset is log-normally distributed, one obtains that the cushion is also log-normally distributed i.e. 
By noting that
we get
the value of the cushion 5 can be expressed as a function of the underlying risky 5 This formulation still holds if we introduce a borrowing limit or a maximum exposure:
asset value
The value of the portfolio of the investor at maturity is
Remark 1 Given the value of the parameter m, we obtain the dierent strategies:
• For m > 1, the payo is concave and corrsponds to the CPPI strategy.
• For m = 1, the payo is linear and is nothing else but the buy-and hold strategy.
• For m < 1, the payo is convex. This strategy is named constant-mix strategy.
The constant-mix strategy Let us consider the constant-mix strategy with P t = G = 0 and m = α < 1.
Then we have
V t = C t and the dynamic of the fund is
We obtain the special case of the constant-mix strategy on the risky asset and the non risky-asset. The above equation is solution of:
The constant-mix strategy corresponds to a CPPI strategy without guarantee and with a multiplier below one.
Let assume, for the sake of simplicity, that r = 0. Then,
with τ t the time spent away from the maximum exposure. The Buy-and-Hold strategy Let us consider the buy-and-hold strategy with P t = G = 0, m = α = 1 and with a zero risk-free rate i.e. r = 0. Then we have
and the dynamic of the fund is
The buyand-hold strategy corresponds to the CPPI strategy without guarantee and with a unit multiplier. A CPPI strategy with a maximum exposure alternates between two sub-strategies: (i) a buy-and-hold strategy if it is at the maximum exposure level, (ii) a standard CPPI strategy otherwise.
The stop-loss strategy
With m → ∞, the strategy converges to the stop-loss strategy, see [6] . 
CPPI or OBPI?
A paper by Bertrand and Prigent (2002) [4] is dedicated to the comparison of these strategies. The authors remind that none of the payo is greater as the two payos intersect. In bad states, both strategies provide the same null performance. In intermediate states, OBPI strategy performance is greater than CPPI one. However, after the payo diagrams intersect, CPPI performance becomes greater. This is a direct consequence of the higher convexity of the CPPI strategy. The expectation of the OBPI strategy is
with Φ the Black and Scholes formula. It can be shown that the CPPI strategy that has the same terminal expected value as the OBPI strategy is such that -Perold (1986) [23] :
r, T, σ) .
The sensitivities of OBPI versus CPPI may be compared, see Bertrand and Prigent (2002) .
3 Why do people buy portfolio insurance?
Why do people buy portfolio insurance? We may also ask Who sould buy portfolio insurance? as Leland (1980) [20] did in a seminal paper. The author concludes that two types of investor should buy portfolio insurance:
(i) investors with average risk tolerance but with expectations above than average,
(ii) investors with average expectations but with risk tolerance that increases with wealth faster than average.
The question of the optimality of the strategy dates back to Brennan and Solanki (1981) [9] and Leland (1980) whose works are rooted in Merton (1973). Let us note u (V t ) the Von-Neumann Morgenstern utility function that is dened for all the payo values. This function is monotone, increasing and strictly concave. The payo function is noted Ψ (V t ). Two functions are of special interest:
• f (V T | V t ) the conditional probability density function of the underlying portfolio given the value V t ,
• π (V T | V t ) the pricing function at time t for claims payable at maturity T .
If the wealth available for the contract is C 0 , then the optimal payo is solution of the following problem:
The solution to this problem is as follows
summarized by Brennan and Solanki (1981):
The price of a security is proportional to the expected marginal utility of its payo.
By inverting this formula, one can deduce that the optimal contract depends on the pricing function, the density function and the utility function of the investor:
Proof. In order to solve (10), one needs to write it as standard optimal control problem. We dene t = F (V T ) with V T > 0 with F the cdf of V T .
The necessary conditions for an optimum are
and second order conditions are satised.
According to Benninga and Blume (1985) [3] , it is quite unlikely that in complete markets an investor chooses portfolio insurance. Under Black and Scholes model, the portfolio insurance strategy is optimal if the utility function (i) has an unbounded proportional risk aversion at some level and (ii) a decreasing proportional risk aversion above that level. The author proposes an incomplete market in which the investor can buy the risky asset, buy a put, and lend the risk-free asset. Between adding the risk-free asset or adding a put, an investor prefers to add the risk-free asset. Assuming an utility function with constant relative proportional risk aversion, the investor will continuously rebalance so that the proportion in the risky asset is constant.
CPPI is a HARA utility maximizing rule -Merton (1971). Black and Perold (1992) [6] introduce a CPPI strategy constrained with a maximum exposure. There exists a utility function such that this strategy is optimal: it is a piecewise HARA. Then the consumption is constrained above a given level. The maximum exposure's impacts on the strategy are an increase in the volatility and a decrease in the expected value of the return. The strategy value depends on the time spent at the borrowing limit. 4 Other issues 4.1 The path-dependency For Bookstaber and Langsam (1988) [7] , path-independence is a desirable property. As demonstrated by Cox and Leland (2000) [12] , path-independence is a necessary condition for utility maximization (utility type to be precised). Is the CPPI the only stationary optimal strategy? CPPI is the only rule that is (i) path-independent and (ii) stationary with respect to the cushion. In Black and Perold (1992) [6] , the weak form of path-independence is introduced. With no proportional transaction costs and no borrowing limit, the value of the CPPI strategy only depends on the number of trades (or number of reversals).
A maximum exposure constrained CPPI strategy with a risky asset that pays a dividend d = 
The cost of portfolio insurance
Let us discuss the impact of the number of trades on the strategy. Following Black and Perold (1992) [6] , we assume that there are no transaction costs and that the portfolio value is far away from its borrowing limit. For the sake of simplicity, it is assumed a zero risk-free interest rate. Alternatively this last hypothesis may also be seen as a change of numéraire. A change of δ in the risky-asset is equivalent to a change of δ in the exposure, a change of mδ in the cushion. The tolerance levels that trigger a trade are u for an up-move in the risky asset and d for a down-move These up and down moves are such that
Then, it can be shown (see [6] ) that the nal value of the strategy only depends on the nal value of the risky asset and the number of trades. This might be seen as a weak form of the path-independence property.
where n is the number of trades.The volatility cost is 1 − α.
Assuming that the risky asset follows geometric brownian motion, one obtains the continuous-time version of the cushion value by computing the limit for u → 0 of equation (9) . From above, the number of trades approximately equals the square ratio of the volatility with respect to the up-move tolerance level: From equation (9), one obtains the level
Then, one can compute the half-cushion time, under the hypothesis of no change in the risky asset. It corresponds to the necessary time for the cushion to be half of its initial value.
For OBPI, we refer to the Formula by Leland (1985) [21] . 
The impact of portfolio insurance on the market
This issue is studied in Basak (1995) and Grossman and Zhou (1996) and both provide an equilibrium analysis. In Basak's world -two types of agents: the portfolio insurers and the normal agents with constant relative risk aversion preferences -, the market volatility and risk premium are decreased by the portfolio insurance. Moreover, asset and market prices levels are increased. For Grossman and Zhou, the consequences of the portfolio insurance are:
1. an increase in the price volatility, 2. a mean reversion in the asset returns, 3. in bad states, the Sharpe ratio and the volatility both increase, 4. the volatility and the volume become correlated, 5. the volatility of out-of-the-money puts is greater than the volatility of in-the-money puts.
With the existence of portfolio insurers, the consequences 1 to 4 are greater around the oor. Basak (2002) [2] contrasts general equilibrium conditions under two models: pure exchange and production-type. In usual models, when the portfolio value hits the oor, the marginal utility of the wealth jumps to innity. For Basak, the marginal utility smoothly goes to innity at the oor level. Then, the strategy is very similar to the CPPI one. The relationship between the trendchasing nature of portfolio insurers and the market volatility is ambiguous.
Conclusion
Portfolio insurance strategies started in the nancial industry at the end of 70's. It has had a huge development during the three last decades with ups and downs for the nancial industry, depending on the market moves and the occurence of crisis. There is a room for new strategies that would fulll dierent agents' utility functions. However, we believe that simplicity is a prerequisite in the development of these strategies. Undeniably, the degree of path-dependency is strongly linked to this objective.
6 Appendix: Simulation of some portfolio insurance strategies
The underlying risky asset can be simulated as follows 
As discussed above, dierent values of m will correspond to dierent strategies: constant-mix, buy-and-hold or CPPI. ). The green line is the value of the oor, the blue dashed line is the underlying asset value, the red dotted line is the value of the strategy (initially funded at 100). The exposure is computed by two ways: (i) numerically (pink line) and (ii) analytically (yellow line) using the closed-form formula for the cushion value
